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and the auxiliary variable

2 2 2
T2:: Z‘l—l + 1‘2—1 —+ x3_l
3 3 3) 7
which has the analytical solution (see also Figure 6 for the two-dimensional analogon)

_ o L
“= sinh(1287) sinh(64m(2 — 7)) on 0]0; [1

for an appropriate definition of boundary values.

Figure 6. Graph of the two-dimensional function m sinh (6471' (2 — (Il _ %)2 . (232 _ %)2)) on
the unit square [0;1)? (taken from [23]).

5.8.1. Cache-performance For all examples computed and for all three adaptivity criteria,
the level 2 cache hit rates, that is the relation between the number of successfull data accesses
on the level two cache and the total number of all data accesses was above 99.8%.

5.8.2. Relation Accuracy — # Degrees of Freedom The numerical efficieny of adaptivity
criteria can be measured by the dependence between the number of degrees of freedom and
the achieved accuracy. The generated grids strongly depend on the used criterion (see Figure
7).

Figure 8 shows the development of errors in dependence on the adaptivity criterion. Although
the linear surplus generates locally deeper refined grids (Figure 7), even the local accuracy at

Copyright © 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1-6
Prepared using nlaauth.cls



14 M. MEHL, T. WEINZIERL, CHR. ZENGER

Figure 7. Two-dimensional projection of the grids resulting from the application of the linear surplus
(left) and the 7-criterion (right) (taken from [23]).
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Figure 8. Absolute error at the point P = (%, %, %) for regular grids and adaptive grids using the
linear surplus or the 7-criterion (left); absolute error at the point Q = (2 %, %) for adaptive grids

)

using the linear surplus or the dually weighted linear surplus (right) (taken from [23]).

the tip of the peak of the analytical solution of the example equation is better for the 7-
criterion. This shows the influence of the accuracy in the further surrounding on the accuracy
at a certain point. Therefore, also the application of the dually weighted linear surplus brings
a gain in terms of the relation accuracy versus needed number of degrees of freedom.

5.3.3. Runtime Considering the runtime per iteration and degree of freedom, we observed
almost no differences between the linear surplus and the 7-criterion above a certain number of
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cache-efficiency | accuray | runtime | storage
linear surplus > 99.8% depends + +
T-criterion > 99.8% depends + +
dual weighting > 99.8% depends - -

Table VII. Summary of the comparison of the three implemented adaptivity criteria.

degrees of freedom. Only the dually weighted linear surplus caused an about 10 — 15% longer
runtime due to the extra-computation of the dual solution and its linear surplus.

A summary of the results of the comparison of our adaptivity criteria can be found in Table
VII. The cache-efficiency is equally high for all of them, the judgement of the accuracy depends
on the given example and on the objective function in terms of the error. The superiority of the
linear surplus and the 7-crierion with respect to runtime and storage requirements is naturally
given by the computational requirements of the criterion. Anyhow, the dual weighting is a
very usefull tool to minimize general error functionals.

5.4. Behaviour for Singularities

To show the high flexibility of our approach, we solved a singular problem on the unit cube
with a cubic cut-off (the three-dimensional analogon of an L-shape domain. Figure 9 shows
the computational domain.

Figure 9. Unit cube with a cubic cut-off.

On this domain €2, we solve the Poisson equation

3
—~Au = 37n°. H sin(mz;) in Q
j=1

u = 0 on 0N.

Table VIII shows the tremendously lower number of degrees of freedom that is needed
with an adaptively refined grid in comparison to a regular grid to achieve the same accuracy
(measured by the maximal discretization error 7,qz)-

To summarize the numerical results, we can say that we solve systems with up to 10'°
degrees of freedom [20] on highly and dynamically adaptive grids with a computing time of
less than 2-107° seconds per iteration and degree of freedom (all measured on an AMD Athlon
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| regular grid | adaptive grid
# degrees of freedom | 509, 656 | 61,267

Table VIII. Number of degrees of freedom needed for a regular grid and an (on the finest level)
according to the 7-criterion adaptively refined grid to achieve a maximal discretization error Tpaz =
1.1734-107°

XP 2400+ (1.9 GHz) processor with 256 KB cache and 1 GB RAM using the gce3.4 compiler
with options -03 -Xw.

6. CONCLUSION

As we could show in the previous sections, we established an algorithmic concept for the
implementation of multigrid methods on dynamically adaptive grids, which fulfilled at the
same time the numerical demands on a modern simulation code (multigrid performance,
flexible adaptivity) and shows an efficient usage of hardware resources, in particular memory
hierarchies. The latter is valid independently from the actual hardware parameters like for
example chache size, cache-line length, associativity of the cache, etc. [19].
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